
634 B A S I C  B E R Y L L I U M  A C E T A T E :  P A R T  I I  

one ten-thousandth of the cell edge were formed by 
linear interpolation of a table in thousandths. Strictly 
isotropic structure factors were computed at the rate 
of 25 per rain., as were the hydrogen contributions, 
while general structure factors were computed at 3 
per min. With  the latter, 48 general atoms had to be 
considered since storage facilities were not available 
for including special cases. Even so, the program re- 
quired 1,987 storage locations out of a possible 2,000. 

In  all, a total of approximately 450 hr. machine 
time was consumed by this analysis. This represents 
15 cycles of three-dimensional refinement. 
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A n h a r m o n i c  t h e r m a l  v ib r a t i ons ,  s y s t e m a t i c  e r rors  in  t h e  d a t a  a n d  t h e  s y s t e m a t i c  a c c u m u l a t i o n  of  
r a n d o m  errors  h a v e  b e e n  c o n s i d e r e d  as poss ib le  sources  for  t h e  excess  p o s i t i v e  d e n s i t y  o b s e r v e d  in 
t h e  C-C a n d  C-O b o n d s  of t h e  a c e t a t e  g r o u p  ( P a r t  I I ) .  N o n e  were  f o u n d  to  a c c o u n t  for  th i s  d e n s i t y  
completely and satisfactorily. An assessment of the accuracy of the structure determination has 
been made by averaging over the cell. The advantages of atoms in special positions are discussed. 

1. Introduct ion 

I t  has been mentioned in Par t  II  that  the discrepancies 
between the observed and calculated structures in the 
bonds of the acetate group could arise from one or 
more of four effects: chemical bonding, anharmonic 
thermal vibrations, systematic errors, accumulation of 
random errors. The last three will now be considered 
in some detail. 

2. Anharmonic thermal vibrations 
Fundamental ly,  there is a clear distinction between 
chemical bonding and anharmonic thermal vibrations. 
Anharmonicity of thermal vibration would be expected 
to affect both inner and outer shell electrons whereas 
chemical bonding involves only the outer shell. There- 
fore, in principle, the two can be differentiated by 
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Fig. 1. I-Iigh order ~o(MX)--~c  in the  plane of the  acetate  
group, (Fo--Fc)  in the  range 20 ~ 83 ° omit ted,  contours 
at  0.1 e.A -a, solid positive, broken zero, crosses indicate 
atomic positions. 
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considering, in the present case, the K shell distribu- 
tion. Although the K shell distribution cannot be 
realized in practice, it can be approximated through 
a series including high order reflections only. The 
resulting distribution should contain little or no L 
shell contribution due to the rapid decay of L shell 
scattering with scattering angle. On the other hand, 
this distribution will not represent the K shell com- 
pletely since the latter also contributes to low angle 
scattering. 

The high order difference density considered for 
beryllium acetate (MX data) included terms satis- 
fying 2 0 >_ 83 ° and it is shown in Fig. 1 (the SX data 
give the same features). I t  will be seen that  the excess 
positive density in the bonds of the acetate (Fig. 4, 
Part  II) has reduced significantly (C-C, peak height 
from 0.40 to 0-12 e.A-8; C-O, from 0.26 to 0.04 e.A-~) 
and that  the density, in general, is extremely low. 
This would seem to indicate that  something un- 
accountable by the calculated structure is carried by 
the low order data. Further support for such a con- 
clusion can be gained from a detailed comparison of the 
discrepancies between observed and calculated struc- 
ture factors and the expected sd's of the observed 
structure amplitudes. The results are shown in Figs. 2 
and 3 along with other related quantities. I t  will be 
seen that  the 2~[[ F® I - IF c l[/Z~(I F® I)'s are not constant 
over the scattering range but rather increase system- 
atically toward the low orders. Although such be- 
havior can be attributed to a systematic under- 
estimation of a([Fol)'s in the low orders, it is difficult 
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Fig. 3. As in Fig. 2, s t a t i ona ry  c rys ta l  d a t a  

replacing moving  crystal .  

to reconcile, since the two sets of data are affected by 
a different kind of statistical counting error in this 
region, yet both behave similarly. 

The relatively large positive region in the high order 
difference density between the carbon atoms can be 
interpreted in either of two ways. I t  could be due to 
L shell electrons which have not been completely 
removed from the series or it could be due to some 
amount of anharmonic thermal vibration. In support 
of the former is the fact that  the mean component of 
thermal vibration between the carbon atoms is small, 
suggesting that  the L shell contribution may not have 
reached the observable limit at 20=83  ° and that  it 
may well extend beyond. Such an effect can also 
account for the smaller positive region observed in the 
final difference density between CI and OH. 
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Fig. 2. Comparison of moving crystal data and the calculated 

structure, squares -- Z IIFoIMX-- [-FcII/Z, IFo lMX hydrogens 
no t  included,  c i rc les - -as  the  foregoing hydrogens  included,  
solid c i rc les - improvement  effected including hydrogens ,  
tr iangles -- X a  (IFol MX)/XIFolMX, all versus  cons tan t  shells. 

3. Sys temat ic  e r r o r s  

Systematic errors between the two sets of intensity 
data would seem to be ruled out by the fact that  the 
two give essentially the same results (Fig. 7, Part  II), 
particularly so after rescaling. However, this in no 
way eliminates the possibility that  both sets possess 
the same systematic errors, which, in turn, give rise 
to the unaccountable features observed in the final 
difference density. But such a possibility seems to be 
improbable because: the two sets of data were ob- 
tained from different crystals, the integrated inten- 
sities of the two sets were measured in different ways 
and the two sets of data are affected by different kinds 
of errors. 
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4. Accumula t ion  of r a n d o m  e r r o r s  

In the centrosymmetrical case, if it is assumed that  
the signs, S(hicl), of the observed structure amplitudes, 
]Fo(hicl)l, are known, it can be shown that* 

(~2[ ~o( xyz ) ] 
_-(1/V ~.) _,~ .~ S(hicl)S(h']c'l')~(hklh'ic'l') 

hkl h'k'l" 

x cos 27~[(h+h')x+(ic+k')y+(l+l ' )z] ,  (1) 

where a[~o(xyz)] is the sd of the observed electron 
density at any point (xyz), 

~(hiclh'k'l') 

= IFo(hIcl)iIFo(h'ic'l')l- lFo(h/cl)llFo(h'lc'l')I, 

V is the volume of the cell and the summation extends 
over all observed (hiclh'k'l'). When (hkl)= (h'k'l'), then 
.~'(hiclh'ic'l')=(~e(IFo(hkl)[), the variance of IFo(hIcl)], 
and if it is assumed that  errors are not correlated, 
~'(hIclh'Ic'l') =0 when (hIcl):~ (h'Ic'l). This result applies 
if the whole sphere of data is considered; if only the 
independent reflections are considered, further rela- 
tionships are obtained for ~(hklh'k' l ' ) .  

Now, although an approximation has been made to 
the o(IFo(hicl)l)'s of beryllium acetate, the synthesis of 
(1) over its asymmetric unit has not been attempted 
because of its complexity when dealing with only in- 
dependent reflections, particularly in space group Fd3. 
This can be appreciated from the relationships be- 
tween structure factors: 

Y(hkl) = F(lhlc) = F(IClh) = ( - 1)(h+k)/2 F(~ l )  

Therefore, (1) was evaluated at certain special points 
instead. The results (MX data) are given in Table 1. 

by the behavior of the remaining difference density. 
In addition, it would seem to be improbable that  an 
underestimation has been made of such large magni- 
tude. Concerning the excess density in the C-O bond, 
it too is probably significant with respect to the 
expected a(~0) in that  region. The density is located in 
a general position so that  the effect of the accumulation 
of random errors is necessarily reduced by the tri- 
gonometry of the series. If the average is considered, 
then the excess density in the C-O bond is about 
4 x (a(~o)} near the peak. And finally, it will be seen 
from Table 1 that  the most sensitive position in the 
cell with respect to accumulation of random 
errors is the 23 point. This is further supported by 
~o(MX)-~o(SX) (Fig. 7, Part  II), even though the 
23 point here is particularly sensitive to scaling. 

5. Assessment  of a c c u r a c y  

The accuracy of the structure has been assessed from 
~(IFo(hicl)l)'s by averaging over the cell 

(cos 2 2xe(hx + Icy + lz))= ½. 

The results for the two sets of data are very similar. 
The average sd of the electron density is about 0.06 
e.A -3. In estimating the sd's of atomic coordinates, 
the effect of the cyclic permutation of indices was 
included (Cruickshank, 1949) and average values were 
used for the curvature at atomic centers, since, in 
some cases, they differ appreciably in diametrically 
opposed directions. The curvatures were obtained as- 
suming a Gaussian charge distribution near atomic 
centers, Q0(r)=~0(0) exp (-pr2). The average sd of the 
rate d change of the electron density, (~(~0] Dr)), is 
0.299 e./~ -4. The sd's of the atomic coordinates are 
given in Table 2 along with other related quantities, 
0I being included for comparison. 

Table 1. Expected error in ~o at certain special positions 
(MX) data 

P o s i t i o n  a(Oo) 

- -  0.10s* e . A  -a  
23 0.09 s 

0.089 
C-C 0.06~ 

* The sum of all the variances. 

The C-C position, (¼, 0, 0), given in Table 1, lies 
close to the center of the C-C bond (0.08 /~ away). 
From its a(Q0), it will be seen that  the excess density 
observed in the C-C bond is about 5 × ~(~0) near the 
peak position. This would seem to eliminate the pos- 
sibility that  this effect is due to a systematic ac- 
cumulation of random errors, unless, of course, the 
a(]Fo(hkl)[)'s have been seriously underestimated. 
However, such an underestimation is not supported 

* H a r k e r  & T u l i n s k y ,  t o  be  p u b l i s h e d .  

Table 2. sd's of atomic coordinates 

Qo(o) (p) (~2Qo/~r2)r=o 
A t o m  (e .A  -a)  (A -2) ( e . h  -5) (A) 

Be (u )  6.1 6.0 -- 73-8 0.004 
Ci(v) 8.3 4-7 --  77-8 0-004 
Cii(w) 7.4 4.8 --  71-0 0-004 
OH(x)  10.0 3.7 --  73.1 0 .004 
Oi£(y) 10.0 4.6 --  92-6 0.003 
OH(z) 10.0 4.1 - -  82-7 0 .004 
O I 14"1 5-0 --  140.9 0 

The sd's of the atomic coordinates agree well with 
experiences encountered in structure factor computa- 
tions. Changes of less than 0.003 A in atomic coor- 
dinates had little effect on the agreement between 
observed and calculated structure factors and could 
not be recognized in the ensuing difference density; 
this was not true of larger changes. 

Only an empirical estimate has been made of the 
accuracy of the thermal parameters and the apparent 
electron counts. I t  is based upon a survey of para- 
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meter  var ia t ions t h a t  were performed on reflections 
sensitive to certain a toms (h + ]c + 1-- 4n + 2, only 0 ~  
and  Be contr ibute  appreciably,  etc.) and  also, upon 
the  detectibil i ty of changes in the  corresponding dif- 
ference density.  Variat ions of ± 5 % in principal mean  
square displacements and about  _ 7 ° in the  orienta- 
t ion of principal v ibra t ion directions had  a definite 
effect on the  agreement  between observed and cal- 
culated s t ructure  factors and  could be recognized in 
the  difference density.  Changes of the  order of 0-3 of 
an  electron in count could be detected for the beryll ium 
a toms and  of the  order of 0.2 of an electron for the  
other  a toms (excluding O~). 

CI-CII 
CI-OH 
Be-Oi 
Be-OII 
C-H 

Table 3. Principal atomic distances 
and interbond angles 

1.500_ 0.006 A /_ o ~ - c i - o n  123.4 ± 0.3 ° 
1.264±0.008 ~ OI-Be-OII 115.2_+0.2 
1.666 ± 0.004 _/_ OH-Be-OH 102.7_+ 0.3 
1.624 ± 0.010 
1.1 

The principal in tera tomic  distances and in terbond 
angles and  their  es t imated  sd's are given in Table 3. 
The distances involving 0 i i  are necessarily inferior 
since the  la t te r  are located in a general  position. No 
accuracy has been assigned to the  C - H  distance 
because reasonable agreement  can be obtained over a 
relat ively wide range of distances. 

6. Concluding remarks  

An impor tan t  conclusion can be d rawn from the 
experience of this s t ruc ture  analysis regarding the  
resolution of any  fine detail  such as chemical bonding:  
cases involving a toms located in general positions 
should be avoided as much as possible. There are 
several reasons for this. The number  of paramete rs  
requiring determinat ion  is reduced and the  determina-  
tion of some of them becomes more objective and  
direct. I n  addition, the  a toms in special positions are, 
in a sense, more overdetermined t h a n  those in general  
positions. This will be clear from Table 4, where 
beryll ium aceta te  is considered. 
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Table 4. Total number of reflections affected 
versus atomic parameters 

Atom Position Nr Np Nr/Np/(Nr/Np)oi I 
OI 23 point 295 1 7.2 
]3e 3-fold axis 370 3 3.0 
CI 2-fold axis 295* 5 1.4 
CII 2-fold axis 295* 5 1.4 
OH general 370 9 1 

* When general harmonic thermal vibrations are included, 
the carbon atoms can contribute to all the reflections. How- 
ever, since the contribution is small to reflections of the type 
h + k + 1 = 4n + 2, the carbon atoms are considered as isotropie. 

Here, Nr is the total number of reflections that the 
atom can affect (370 being the maximum, Cu K~) and 
ATp the total number of atomic parameters requiring 
determination (positional parameters and general ther- 
mal vibrations). From the last column, it will be seen 
that there is much more information available for the 
determination of 01's lone parameter as compared 
with any single parameter of OH. In fact, the order 
of these ratios was found to correspond with ease of 
determination, 01~ being the most difficult atom to 
remove from the difference density. 

A well known objection to all the foregoing is that 
random errors tend to accumulate at special positions. 
However, this can be assessed or at least approximated 
as it was with beryllium acetate, where the accumula- 
tion did not, in fact, reach any serious proportions 
(maximum about 1.3 x<a(@0)>. On the other hand, 
systematic errors could effect such positions seriously; 
however, they are, in principle detectable. 
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